ANSWERS AND EXPLANATIONS TO SECTION |

Pnomm If f( ) 5x3 - then f (8)=

We need to use Basm leferentlaﬁon to solve this problem.’

- Step L f'(x)=

v S'té‘p‘ 2: Now all W?,.:,haye'to do 1s Plug In 8 for x and simplify.

{0 s

The answer is (B). ".

ProBLEM 2. lim M is
x=yoe 4x +2x+5
Step 1: To solve this problem you need to remember how to evaluate Limits.
Always do limit problems on the first pass. Whenever we have a limit of a polyno-
mial fraction where x —eco, we divide the numerator and the denominator, sepa-
rately, by the highest power of x in the fraction."
5x° 3x L1
5x -3x+1 ~ i ? -yz xz

lim ——5— — = Jim
yoe 4y +2x+5  x—edx® 2x D
X x
: 5 é + __12,
Step 2: Simplify lim —5—%
X=yoo O
» bttt —
X x

- Step 3: Now ’cake the limit. Remember that the hmmgffm() itn>0, where kis a

x-dpoo X

constant. Thus we get

+

R |
o
R ol =

5-0+0
im
x—eo 44+ 0+0

i

%—_‘

_5
4

X—pon

=
4

=Mk
+

The answer is (D).
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3 2
Proprem 3. If  f(x)= 3; j;c

then f'(x) is

Step I: We need to use the Quotient Rule to evaluate this derivative. Remember,
du  dv
S u -

the derivative of E_: mu. But before we take the derivative, we should
v v

factor an x out of the top and bottom and cancel, simplifying the quotient.

3x%+x _ x(3x+1) 3x+1
fx) === N
3x"—x  x(3x-1) 3x-1
Step 2: Now take the derivative.

_ (8x-1)(3)-(8x+1)(3)

f(x) (3x-1)2

Step 3: Simplify:
9x-3-9x~-3 -6

(3x-1)° (3x-1)°

The answer is (C).

¥? —7x+12

Prosrem 4. If the function f is continuous for all real numbers and if f(x)= 1
o x—

when x# 4, then f(4) =

This problem is testing your knowledge of Continuity.

Step 1: Notice that if we plug 4 into the numerator and denominator we get —8-,

which is undefined. So, the first thing that we should do is factor the numerator.
What we are looking for is a common factor in the numerator and denominator. If
we find a common factor, we can cancel the factors and simplify the problem.

XX =7x+12  (x-3)(x—4)
x—4 x—4

We get fx)= =(x~3).

Step 2: Now we Plug In 4 for x and we get 1.

The answer is (A)..
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ProBLem 5. If x* —2xy+3y” =8, then %}f- =
' x

Whenever we have a polynomial where the x’s and y/’s are not separated we need to
use Implicit Differentiation to find the derivative.

Step 1: Take the derivative of everything with respect to x.

dx dy  dx dy ;. Codx
2x—-2 x—=+y— +6y->==0 R ber that —=1!
xdx (x dx+ydx)+ ydx emember that Ir

' d
Step 2: Simplify and then put all of the terms containing ;i%on one side, and all.of

the other terms on the other side.

, dy dy
2x —2x =~ 2y +6y—=—=0
* xdx Y ydx

-2x§%+6y% =2y -2x
Factor out the % , then isolate it.

%(6}/ ~2x) =2y ~2x
dy  2y-2x _ y-x
dx (6y-2x) By-x

The answer is (E).

ProBLEM 6.

A

Which of the following integrals correctly corresponds to the area of the region in
the figure above between the curvey =1 + x* and the liney =5 from x =1 to x = 27
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We use integrals to find the Area Between Two Curves. If the top curve of a region
is f{x) and the bottom curve of a region is g(x), from x = 2 to x = b, then the area is
found by the integral

[1700) - 5x))

Step 1: The top curve here is the line y = 5, and the bottom curve is y=1+x?, and
the region extends from the line x = 1 to the line x = 2. Thus, the integral for the area is

J [ ee= [ (-

The answer is (B).

Prosiem 7. If f(x)=secx+cscx, then f/(x)=

This question is testing whether you know your Derivatives of Trigonometric
Functions. If you do, this is an easy problem.

Step 1: The derivative of secx is secxtanx and the derivative of

cscx is —cscxcotx. That makes the derivative here secx tany — cscx cotr.

The answer is (E).

ProBrem 8. An equation of the line normal to the graph of y = V‘!(sz + Zx) at (2,4) is

Here we do everything that we normally do for finding the Equations of Tangent
Lines, except that we use the negative reciprocal of the slope to find the normal line.
This is because the normal line is perpendicular to the tangent line. o

Step 1: First, find the slope of the tangent line.

dy _1po 5\3
E;mz(?m +21) 2(6x +2)

Step 2: DON'T SIMPLIFY. Immediately Plug In x = 2. We get:

1

% _ % (32 + 2x)~§(6x + 2__) = -;(3(2)2 + 2(2))*5(6(2) +2)= %(16)"21"(14) = -2

This means that the slope of the tangent line at x =2 is -Z:, so the slope of the normal

. 4
[ine is —=.
7

4
Step 3: Then the equation of the tangent line is (y-4)= —;(x -2).
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Step 4: Multiply through by 7 and simplify.
7y~28=—4x+8

4x +‘7y =36 .
. The answer is (E).

L4
PROBLEM 9. j~11+x2

dx =

You should recognize this integral as one of the Inverse Trigonometric Integrals.

da;i“ =tan”'(x)+C. The 4 is no big deal, just

1+
multiply the integral by 4 to get 4tan™(x). Then we just have to evaluate the limits
of integration.

Step 1: As you should recall, J'

Step 2 tan”(x)] = 4tan”(1)— dtan”(-1) = 4(33)_ 4(_5];.. o

The answer is (D),

Prosiem 10. If f(x)=cos’x , then f"(m)=

This problem is just asking us to find a higher order Derivative of a Trigonoretric.
Function. o Al

Step 1: The first derivative requ.iz‘eé the chain rule:

flx)= cos® x

F(x)=2(cosx)(~sinx) =-2cosxsinx
Step 2: The second derivative requires the product rule:

f{x)=-2cosxsinx

F7(x)=-2(cosxcosx ~sinxsinx) = »«2(:082 x —sin’ x)
| Step 3: Now we Plug In = for x and simplify.

~2(cosz’(ﬂ:) ~sin’ (1'5)) =-2(1-0)=-2
The answer is (A).
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Prosiem 11. If f(x)= and g(x) :‘3x then g(f(2))=

x*+1
Step 1. To find g(f(x)), all you need to do is to replace all of the x’s in g(x) with f(x)’s.

5 15
S(f()=37() =3 2 )=
Step 2: Now all we have to do is Plug In 2 for x.

8(f(2) =5~2}% =3

The answer is (C).

Prosrem 12. jx\/%xQ —4dx =

Any time we have an integral with an x factor whose power is one less than another
x factor, we can try to do the integral with u-substitution. This is our favorite
technique for doing integration and the most important one to master.

Step 1: Let u = 5x2 — 4 and du = 10xdx and so i%du = xdx.
Then we can rewrite the integral as:
- = |y
J- VBx® —4 dx IGJM du.,

Step 2: Now this becomes a basic integral.

3
2

1 3
ijuZdu:i " %C:jmuz»kc
10 10} 2 15

Step 3: Reverse the substitution and we get: ~1~15~ (5x2 - 4_)2 +C

The answer is (B).
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Prosrem 13. The slope of the line tangent to the graph of 3x* + 5Iny =12 at (2,1) is
P L

This is another T:uuaﬂo_r of a Tangent Line problem, corribined with Implicit Differ-
-entiation. Often the AP Examination has more than one tangent line prob e1my, SO
make sure that you can ¢ d!) ese well!

£y
) . J “'1)
By the way, do you remember the derivative of In{f(x)}? Itis 17«,;
! (\A,

Step 1: First, we take the dexivative of the equation.

GA’ izl’ if Ljfl_ ﬁ('}
’ ‘dx y dx i

dy
Step 2: Next, we simplify and solve for a%

Step 3: Now we Plug In 2 for x and 1 for y to get the slope of the tangent line.

Note: We could have ; tugged in directly for x and y after simplifying. On
a more complicated derivative you ALWAYS want to Plug Iﬂ right after
you differentiate. Un a mmn]e one such as this, the choice is up to you.

Prosrem 14.

-(x -1} has a fundamental period of
The AP people expect you to remember a lot of your trigonometry, so if you're rusty,
review the unit in the Appendix.

Step 1: In an equation of the form f{x) = A sin B (x £ C) £, you should know four
components. The amplitude of the equation is A, the horizontal or phase shiftis C,

~

the vertical shift is £, and the fundamental period is - .

The same is true for f (xj = Acos B{x () 2 D.
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~Step 2: All we have to do is Plug Into the formula for the period.

2n _2n
B T

The answer is (D).

Prorem 15, If f(x)=

be true?

, for all real numbers x, which of the following must

x2+5 ifx<?2
Tx-5 ifx=2

L f (x) is continuous everywhere.
II. f(x)is differentiable everywhere.
II. f(x) has a local minimum at x = 2.

This problem is testing your knowledge of the rules of continuity and differentiabil-
ity. While the more formal treatment is located in the unit on Continuity, here we’ll
go-directly to a shortcut to the right answer. This type of function is called a
piecewise function because it is broken into two or more pieces, depending on the
value of x that one is looking at.

Step 1: If a piecewise function is continuous at a point 4, then when you plug « into
each of the pieces of the function, you should get the same answer. The function
consists of a pair of polynomials (Remember that all polynomials are continuous!),
where the only point that might be a problem is x = 2. So here we'll plug 2 into both
pieces of the function to see if we get the same value. If we do, then the function is
continuous. If we don't, then it’s discontinuous. At x = 2, the upper piece is equal to
9 and the lower piece is also equal to 9. So the function is continuous everywhere,
and 1 is true. You should then eliminate answer choice C.

Step 2: If a piecewise function is differentiable at a point 4, then when you pluga
into each of the derivatives of the pieces of the function, you should get the same
answer. It is the same idea as in Step 1. So here we will plug 2 into the derivatives
of both pieces of the function to see if we get the same value. If we do, then the
function is differentiable. If we don’t, then it is non-differentiable at x = 2.

The derivative of the upper piece is 2x, and at x = 2, the derivative is 4.
The derivative of the lower piece is 7 everywhere.

Because the two derivatives are not equal, the function is not differentiable every-
where and Il is false. You should then eliminate answer choices B and E. '

Step 3: The slope of the function to the left of x = 2 is 4. The slope of the function to
the right of x = 2 is 7. If the slope of a function has the same sign on either side of
a point then the function cannot have a local minimum or maximum at that point.
So II1 is false because of what we found in Step 2.

The answer is (A).
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Prosrem 16. For what value of x does the function f (x) = x°® -9x%2 -120x + 6 have a Iocal
minimum? :

This problem requires you to know how to find Maxima/Minima. This is a part of
curve sketching and is one of the most important parts of Differential Calculus. A
function has critical points where the derivative is zero or undefined (which is never
a problem when the function is an ordinary polynomial). After fmdmg the critical
points we test them to determine whether they are maxima or minima or somethmg
else.

Step 1: First, as usual, take the derivative and set it equal to zero.
f(x)=3x" —18x~120
3x* ~18x-120=0
Step 2: Find the values of x that make the derivative equal to zero. These are the

critical points.

3x%~18x-120=0

x*—6x—-40=0
(x-10)(x +4)=0
x={10,-4}

Step 3: In order to determine whether a critical point is a maximum or a mirii.mum,
we need to take the second derivative. f"(x) = 6x ~ 18

Step 4: Now we plug the critical points from Step 2 into the second derivative. If it
vields a negative value, then the point is a maximum. If it yields a positive value,
then the point is a minimum. If it yields zero, it is neither, and is most hkeiy a point
of inflection.

6(10)-18=42 -
6(—4)-18=—42
Therefore 10 is a minimum.
The answer is (A}
ProsLem 17. The acceleration of a particle moving along the x-axis at time ¢ is given by a (¢)

= 4t — 12. If the velocity is 10 when t = 0 and the position is 4 when ¢ = 0, then the particle
is changing direction at .

Step 1: Because acceleration is the derivative of velocity, if we know the acceleration
of a particle, we can find the velocity by integrating the acceleration with respect to £.

f(at-12)ar =21 ~12tC
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Next, because the velocity is 10 at f = 0, we can Plug In O for ¢ qnd solve for the
constant. o

2 (0~ 12 (0) + C = 10.
- Therefore C = 10 and the velocity, v(t), is 22 - 12f + 10

Step 2: In order to find when the particle is changing direction we need to know
when the velocity is equal to zero, so we set v(t) = 0 and solve for .

26 ~12+10=0
F—6t+5=0
(t=5)(t-1)=0
t={1,5}
Now, provided that the acceleration is not also zero at ¢ = {1, 5}, the particle will be
changing direction at those times. The acceleration is found by differentiating the

equation for velocity with respect to time: a(f) = 4f - 12. This is not zero at either
t=1ort=>5. Therefore, the particle is changing direction when t = 1 and = 5.

The answer is (D).

ProsLEM 18. The average value of the function f (x) = (x - 1)? on the interval from x = 1 to
x=>51is
Step 1: If you want to find the average value of f (x) on an interval [a, b,] you need

1 vb .
to evaluate the integral E"E;L Flx)dx,

‘ 1 5
So here we would evaluate the integral 5.1 (- 1)2 dx.

The answer is (B).
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PrOBLEM 19. J-(eah"‘ + ea"')dx =

This problem requires that you know your rules of Exponential Functions.

Step 1: First of all, ¢™** = ¢ = % So we can rewrite the integral as

J(e“”’x + eax)dx = j(xs + eg")dx.

Step 2: The rule for the integral of an ekponential function is J'.ekdx = %e’“‘ +C.

4
Now we can do this integral. J(xs + eax)dx = ii—f-}- é_e“ +C.
The ahswer is (E).

Prosiem 20. If f(x)= \fl! (x3 +5x ~1«121)(x2 +x+ 11) then f(0)=

- This problem is just a complicated derivative, requiring you to be familiar with the
Chain Rule and the Product Rule. ,. .

Step 1: f/(x)= %(xf’ +5x+ 121)‘%(3;:2 +5)(x* +x +»11) +(x® + 5+ 121)% (2x+1)

Step 2: Whenever a problem asks you to find the value of a complicated derivative
at a particular point, NEVER simplify the derivative. Immediately Plug In the value
for x and do arithmetic instead of algebra.

Flx)= %(03 +5(0)+ 121)“%(3(0)2 +5)(0% +(0)+11)+{(0)" + 5(0) + 121)%(2(0) +1)

- %(121)";‘ (5)(11) + (121)§(1) = % +il= 2_27

The answer is (B).

Prosiem 21. If f(x)=5" then f(x)=

~ This problem requires you to know how to find the Derivative of an Exponential
- Function. The ruleis: If a function is of the form a/%, its derivative is a/® (Ina) f'(x).
Now all we have to do is follow the rule!

Step 1: f(x)=5%
f(x)=5"(In5)(3)
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Step 2: If you remember your rules of logarithms, 3In 5 = In(5%) = In 125.
So we can rewrite the answer to f* (x) = 5 (In 5)(3) = 5* In 125.

The answer is (A).

ProsLem 22. A solid is generated when the region in the first quadrant enclosed by the
graph of y = (x? + 1), the line x = 1, and the x-axis, is revolved about the x-axis. Its volume
is found by evaluating which of the following integrals?

This problem requires you to know how to find the Volume of a Solid of Revolution.

If you have a region between two curves, from x = a to x = b, then the volume
b

generated when the region is revolved around the x-axis is: nj [ f(x)]2 - [g(au)]z dx, if
a

flx) is above g(x) throughout the region. :

Step 1: First, we have to determine what the region looks like. The curve looks like
this:

¥

Y

The shaded region is the part that we are interested in. Notice that the curve is
always above the x-axis (which is g(x)). Now we just follow the formula:

2 1

rcj; [(x2 + 1)3} ~[oP 4x=nj (xz + 1)6dx

0

- The answer is (D).
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sinxcosx —siny _

Prosrem 23. lim4 5

x—0 X

This problem requires us to evaluate the Limit of a Trigonometric Function.

There are two important trigonometric limits to memorize:

. sinx . 1—cosx
lim 25 = 1 and 11m~1--—--~ =0

x—=0 X x~0 X
Step 1: The first step that we always take when evaluating the limit of a trigonomet-
ric function is to rearrange the function so that it looks like some combination of the
limits above. We can do this by factoring a sin x out of the numerator.

Now we can break this into limits that we can easily evaluate.

. sinxcosx —sinx . [(sinx Y cosx-1
im4 T =4 lim|
x—0 X x—0 X X
N . l-cosx . cosx—]
Note that lim —————= —lim =),
x-3{ X x~3{ X

Step 2: Now if we take the limit as x — 0 we get: 4(1)(0) = 0

The answer is (D).

dy_(3x2+2)»
dx -y

Prosrem 24, If

andy = 4 whenx =2, thenwhenx =3,y

This is a very basic Differential Equation. As with many of the more difficult topics
in Calculus, the AP examination only tends to ask us to solve very straightforward
differential equations. In fact, on the AB examination, you are only going to need to
know one technique for getting these right. It is called Separation of Variables.

Step 1: First, take all of the terms with a yin them and put them on the left side of
the equal sign. Take all of the terms with an.x in them and put them on the right side
of the equal sign. Then we get:

ydy = (3x> + 2)dx
Step 2: Now integrate both sides. |
j ydy = I(sz + Z)dx
2
LRSI P
2
Notice how we only use one constant. All we have to do now is solve for C. We do

this by Plugging In 2 for x and 4 for v.
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So we can rewrite the equation as -y-z—- =x®+2x-4,

Step 3: Now if we Plug In 3 for x, we will get .

.3—:27+6 4
2

2-58

Y =E/58

The answer is (E).

ProBLEM 25. I dx 5=
9+ x

This is another Inverse Trigonometric Integral.
Step 1: We know that j =tan™ (x)+C

(See problem 9 if you're not sure of this.) The trick here is to get the denominator of -
the fraction in the integrand to be of the correct form. If we factor 9 out of the
denominator we get:

dx

dx 1 dx 1 dx
zzj B wzz_f‘__.mz
9+x 9(1 x ) 9J N »1+(_§_)

Step 2: Now if we use u-substitution we will be able to evaluate this integral.

Letu= % and dy = El))-dx or 3du=dx . Then we have:

3
Step 3: Now all we have to do is reverse the u-substitution and we're done.

3du 1 -1
1 - =1y C
j (xf 9 - 3 1+u gl W)+

wl*i:eun“l(u) +C= }—tan"}‘(ﬁ) +C
3 3 3

The answer is (B).
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ProBLEM 26. If f(x)=cos’(x+1) then f'(r)=

Think of cos®(x+1) as [cos(x+1)]".

Step 1: First, we take the derivative of the outside function and ignore the inside
functions. The derivative of #? is 3u?

We get: —[u]’ =3[u’.

Step 2: Next, we take the derivative of the cosine term and muitiply. The deriva-
tive of cosy IS —sinu.

d 3 2 .
a-[cos(u)] =*3[COS(“)} sin()

Step 3: Finally, we take the derivative of x+1 and multiply. The derivative of x+1
is 1. '

%{cos(x + 1)}3 = —3[cos(x + 1)]2 sin(x +1)

- The answer is (A).

Note: If you had trouble with this problem, you should review the
section on The Chain Rule.

ProsiEM, 27. J- xx+3dx =

We can do this integral with u-substitution.
Step 1. Let u=x+3. Then du=dxand u-3=x.
Step 2: Substituting, we get:
— 1
_[x«/x+3 dx ::J(u—?;)u’l du
Why is this better than the original integral, you might ask? Because now we can
- distribute and the integral becomes easy.

Step 3: When we distribute, we get:

j’(ubm S)u% du = j[ug - Su%J du
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- Step 4 Now we can integrate:

o3

}in’ - 3y ZJm{ —y? -3y 4
5

The answer is {{).

Prosiem 28. If flx)=In{In(l1-x)), then f“(x) =
Here, we use the chain rule.
Step 1: First, take the derivative of the outside function.

v dis
The derivative of hu is —.
u

We get:

g

43 ; \
—1In {lln{ ) j= =

Step 2: INow we take the derivative of the function in the denominator. Once again,
the function is Inu.
We get:

1 ~1 1

d., ., |
—In{In{1~x)j= T E T PR
dx ’ h{z—r} I-x (I-x}in{l-=x)

The answer is (D}

ProsLEM 29, } sinx durj cosxy dx=

t].

This is a pair of basic Trigonometric Integrals. You should have memorized

- sev ed trigonometric integrals, particularly | sinx dx=-cosx+C and

.,

f cosx dx=sinx+C

4,“.‘_'. 0 .
Step 1: j sinx dx+ if cosx dx =-—cosxl’}

1] o e “
4
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